ON SOME CONTACT PROBLEMS FOR COMPOSITE HALF-SPACES

PMM Vol. 31, No. 6, 1967, pp. 10011008

B.L. ABRAMIAN and N.KH. ARUTIUNIAN
(Yerevan’)

(Received June 5, 1967)

Solutions are presented herein of some contact problems connected with the torsion of a
composite half-space. In the general case the problem of the torsion of a composite elastic
half-space is examined by means of the rotation of a stiff finite cylinder welded into a ver-
tical recess of this half-space. Moreover, the following particular problems on the torsion
of such a half-space are considered.

1) A composite half-space with a vertical elastic infinite core, twisted by means of the
rotation of a stiff stamp affixed to the upper endplate of the elastic core,

2) A half-space with a vertical cylindrical infinite hole, twisted by means of the rotation
of a stiff finite cylinder welded into the upper part of this hole.

In the general case the solution of the problem reduces to the solution of an integral
equation of the second kind on a half-line. The question of the solvability of this fundamen-
tal integral equation is investigated, and it is shown that its solution may be constructed
by successive approximations.

Let us note that the problem of the torsion of a homogeneous half space and of an elas-
tic layer by means of rotation of a stiff stamp has been considered by Rostovtsev [1], Reis-
sner and Sagoci [2], Ufliand [8], Florence [45, Grilitskii [5] and others

The problem of the torsion of a circular cylindrical rod and the half-space welded to it
which are subject to a torque applied to the free endface of the rod has been considered by
Grilitskii and Kizyma [6].

The torsion of an elastic half-space with a vertical cylindrical inclusion of some other
material by the rotation of a stiff stamp on the surface of this half-space has been consi-
dered in [7], wherein it has been assumed that the stamp is symmetrically disposed relative
to the axis of the inclusion and lies simultaneously on both materials.

1 Torsion of a composite elastic half-space by rotation of a stiff
finite cylinder welded into a vertical recess of this half-space. Let
us consider the problem of torsion of a composite half-space with a vertical elascc cylin-
drical core located below the surface of the halfsspace by its upper endface (Fig. 1). A

o stiff cylinder of the same radius as the core is welded into the
recess of the half-space, and torsion of the half-space is accom=

"~ Srrr plished by rotating this stiff cylinder or stamp. To solve the
3 //ﬁ//ﬂ problem, we direct the z-axis along the core axis and we divide
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~ the axial section of the half-space with core into three sub~do-
mains D, (i =1, 2, 3).
We seek the displacement function ¥{r, z) which satisfies the
differential Eq.
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in the form
Fig. 1 ¥ (r, 2)= ¥ (r, 2) B D;(i, 2, 3) (1.2)
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Vi(r, 2) = iT ELD(2)shEz + F () ob £e] W1(Er)dE + (1.3)

+ -i—é]l H Ky (Byr) sin Byz (:Sf;) (LY

Vo, 2) = %S’o A(E) Ky (r) sin Bz dE + (1.4)
;

+ —1—§°§ze(§>e-za LRTCS L ey

Wy (r, ) = —1—§°C(§)11(§r)sin EzdE L (1.5)
3

Wo (8) = Ja (81) Y1 (@8) — Y (8) J, (ab) (1.6)

Here J, (x) and Y, (x) are Bessel functions of real argument, of the first and second
kinds, respectivelyTS], K, (x) and I,,(x) are modified Bessel functions of imaginary argument,
and A are roots of Eq. J, (Aa) = 0.

Let us note that 9

Wi(ta) =0,  Ws(Ea) = —Wo(ka) = —r (.7

We evaluate the displacements and stresses in the sub-domains D, (i=1, 2, 3) by means

of Formulas

oY,

v (r,z) = r¥,(r,2), T =Gy

or 1.8)
:c:,‘i) = Gyr a:;;i (i=1,2,3, G1=GCGy=G (
Utilizing (1.8), we obtain for (1.3) to (1.5)
T (r, 2)=G{—{ B ID@)shiz+F (2)chia] Wa(Er)dt— (1.9)
0
— ) B HiKo (Br) sin 2]
k=1
vl (r, 2) = G{) B (D (F)ch iz + F (§)sh&a] W (Er)dE +
0

+ 21 BiH K1 (Byr) cos Bkz}
k=1

-S EA (8) Ka (Br)sin 8z dE— | 82 B(5) e W (Er) dg]

0

T (r, 2)=G

|

<

[oe]

B4 (8) Ku (Br) cosEadt — | 2B (§)e== Wy (&r) dE]

0

T (ry 2) = G{
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1 (r, 2) = 63[ EC(E) Iy (Er)sinkzdE — i’o‘l kkae‘Aszg (?skr)]
k=1

g Tl

[ee]
p . .
T2 (r, 2) =G3[| EC (8) Tu(8r)cos Bz dE— 3} WDy ()
0 h=1
The constant coefficients H, and D, and the functions D {(£), F(&), A(£), B(£) and
C(£) should be determined from the following boundary conditions and connection condi-
tions between the sub-domains D, (i = 1, 2, 3):

T (r, —8) =10 (a<<r < o0)
o (e, D=c (—b<z<0),  VO(r, O)=—7 0<r<o)
v® (a, 2) =v®(a, 2), TP (a, 2)= 1% (a, 2) 0<z<C o) (1.10)

v® (r, 0)= v® (r, 0), Tzo® (r, 0) = 1M (r, O) (a <z < o0}
Utilizing {1.9) and satisfying (1.10), we obtain
D(g)chtb— F (E)shEb =0, FE) = B(%) (m, = G/G;)

C(§) 11 (8a) = A(E) K1 (Ea) ,
2¢ 2¢

Hi=—grg @ D= namtew (1.11)
C(8) T (Ea) + mod () K (Be) = 20 — ey 200
0
ELD (B)+ BB st (aB) + Vit (aB)) = — 2 A TEIR 2 hpt

0
Here we used the following Fourier and Weber-Orr integral transform formulas [8]:
w 0

@ (2) = 5 f(E)sinkzds,  f(E)= _;H O (z)sintzdz  (1.12)

(74}

?(r) =) () Wy(Er)dg, P (8) [J1* (a) + Y, (ad)] =S ro(r)Wy (§r)ar
as well a(; the values of the integrals i

o o0
: . 2 .
5 etgin§zdz = F-—EF’ S rW,(Er) K (Byr)dr = — Ffé;—(%%; (1.13)
0 a
and the values of the series

o e
1 __ al:{ta) 1 b _{ek—N)=x
gl WTEe 2L’ El e = (=)

Summation is here over the roots of Eq. J; {Aa) = 0. Equalities (1.7) are hence taken in-
to account.
Eliminating C(£) from the sixth Eq. of {1.11) and D(£) from the last Eq. of {1,11), we
obtain the system of integral Eqgs.
<
1 2¢lfy (Rea) dmoly(Ea) ¢ tB{t)dt 114
AQ) =gy e ) e (144

o

BB (%) = 1 [_Lthbg+%g t_fl_w.fix__(_fzzﬂ] (1.15)
1]
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Q (8a) = I, (8a) K, (8a) + my K, (Ea) 1, (8a) (1.16)

Let us make the following change of unknown functions in (1.14) and (1.15):
tA (t) K, (ta) = A¥* (), tB (t) = —B* (t) 1.17)
Then substituting (1.14) into (1.15), we obtain an integral Eq. to determine B*{t)
)

B®)=\B@KE 2)ds+F() (1.18)
(1]
8m
KE )= marwmure@ a0 & 2 (1.19)
_ c th b¢ 4 ‘
F®=rrmmmme et tw/0% 9] 120
_ tI, (ta) K1 (ta) dt ¢ L) K, (ta)dt
106 =\ srgermera 06 9= FEo
0

0
In order to show the solvability of the integral Eq. (1.18) and the possibility of utilizing
successive approximations to construct the solution, let us estimate the value of the inte-

gral
(K (& z)|dz (1.21)

Cls

Using the inequality K, (x) £ K, +1 (%), which is valid for Bessel functions of the second
kind of imaginary argument, we will have
moll (ta) K1 (ta) h’nol‘l (td) Ka (ld)
Q(ta) < Iy (ta) K1 (ta) -+ mo Ka(ta) Iy (ta) st (1.22)

Then we obtain the following estimate [9] for the integral in (1.19):
o0

‘ dt 1
md® (& )<\ FrEmET = s 2T (1.23)
0
Utilizing this estimate, we {ind
I 8 v z dz
VIEE 914 < mrrampseTree] § g =
0
2 =1 (1.24)

= anE (1 - th €b) [ (ak) 1 Y1 (a€)]

Let us note that { (E) = 0 as E — (; moreover, by virtue of the known equalities

(CYl(x)lx”O = —1 and Jl(O) = 0, we have
FTE i e'="s (1.25)
if the following asymptotic formulas [8] are used for integern as z » o0
s
Jo.(z2) =~ (Ri—) cos (z—— fzi— %)
(1.26)

2 \Ye . nn k1
Yu(@)= (5) sin(s—F— )
For ¥ > (0 and £ > 0 the product z [J,? (x) + Y,? ()], considered as a functioa

of x, will decrease monotonously |9 and 10) if v > 1/2,
Hence, f{£) increase monotonously remaining always less than one-half.

Therefore, the inequality
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[+

. 1
VIEE 9]E</@O<5  0<i<w) (1.27)
0
holds.
It is easy to see that the right-hand side F(£) of the integral Eq. (1.18) is also bounded.
In fact

i2act ‘ Iy(ta) K (ta) dt
F®)=F1@cnts+ 5 O SEm e <

<%ﬁf(g>[thbg+%§—ﬂ—%—a]=%f@(thbH%K%

The estimates (1.27) as well as the following relationships:
(<]

(1.28)

coodt _ow I, (ta) Ky (ta)
Vere =5 B TO R

0
have been used here.

But as is known [11], when conditions (1.27) and (1.28) are satisfied, the integral Eq.
(1.18) is solvable in the class of functions bounded on the hali-axis, and this solution may
be constructed by successive approximations.

Determining the unknown function B*(£) from the fundamental integral Eq. (1.18), we
first determine the function 4(£) by successive approximations from (1.14) and (1.17), and
then the remaining unknown functions.

Using the solution obtained above, we consider some particular problems of the torsion

of a half-space.

2. Torsion of a composite half-space with a vertical elastic core
by the rotation of a stiff stamp attached to the core, In the particular
case when b = 0 (Fig. 2), the solution of the problem of the torsion of a composite half-
> space with a vertical elastic core twisted by rotating a stiff

stamp attached to the core, may be obtained from the general
0 ” solution of the problem presented above.

N
X In this case the boundary conditions of the problem be-
\ ) 7 come
J ///2// 29, O)y=cr/ar (0<r<a),
% @ 0=0 (@<r<e)
z v®a, )= 2@ (a, 2), (2.1)
Fig. 2 @, (@, =12 (q, 2) (0 < z2<Co0)

r
The solution of the problem may be represented as

00 o0
. K 1 (¢ . oo
vie = EREE s L\ s ectmens ((SIS7) eo
]

N

AN

P EK: (Ea) 0z o0
e ©  —Apz
1¢ A4 () L) 2¢ e ¥Jy (M) I<r<a
Yo (r, 2)="7 § B (Ea)  SnEedt e o- El T () (0 <z < oo) (2:9)

The arbitrary integration functions A‘(f) and B"'(f) should be determined from the sys-
tem of integral Eqs.

oo Abmol (EQ) K (E0) | B* (0 dt 2ol (5a) Ky (Ba)
A* (B)= oanﬂg(ia) (} ) + nQ (Ea) (2.4)
9 §° A* (1) de
B' ()= RT3 @) + Y (aB)] ) ALE

0

(2.9)
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G
mo=g=, Q)= Ki(Ee) L1 (5) -+ mol1 (Ea) Kz (£0) 2.6)

The system of integral equations (2.4) and (2.5) may be reduced to a Fredholm integral
equation of the following form:

B =K@ 0B @dit F @ (27)
¢
8!’310 °_° tIl (f«d} K, {td) dt
K& W =3 g YT ) T E LT @8
[
- 4e 0‘012 (ta) Ky (ta)dt
FO=B05@ + 77 @) é Qta) (" -+ &) 29

The estimate {1.27) holds for this equation, and therefore, its solution may be construc-
ted by using successive approximations.

In conclusion, let us note that if a stiff core replaces the elastic core in the considered
problem, the solution is obtained by elementary means with the aid of the displacement
function W = ac/r2, where a is the core radius, and ¢ is the angle of rotation. However, its
solution is meaningless since the torque is infinite.

3. Torsion of an elastic half-space with a vertical cylindrical
hole by rotating a stiff finite cylinder welded into the upper part
of the hole. From the solution obtained in the first section we can also obtain the solu-

| tion for the problem of torsion of a half-space with a vertical
oo cylindrical hole twisted by means of the rotation of a stiff fi-

RBRooos // nite cylinder welded into the upper part of this hole (Fig. 3).
YD,

Putting mp == oo here, we obtain the following expressions

oo el

éﬁé  for the displacement functions in (1.3} to (1.5}

/{//’/// 0 / 1¢ ch{z 4+ BE 3.4
A [Use men= —F\ro—gg —mEe- O
v /// -

Z ///// ’ % @ Ky (Br)sin Byz

br 2 Bk (Bra)

N

z
Fig. 3 (—b<z2<0, a<r <)
& 0
1 A' K1 r . 1
Wa(r, z) = TS W'——Egg(&aga ) sinkz df — TS B* (E) e ™25 W, (8r) dE (3.2)

1)
0z oo, axr L oo)
In the considered problem the houndary conditions become
TV (=) =0 @<r<o), M g=c (-b<z<0)
Tora, 2) =0 (0 <2< o0) (3.3)
oD (r, 0= o@D (r, 0, T,V O=7,7( 0 (e<r< o)

Substituting (3.1) and (3.2) into (1.10) and taking account of condition (3.3) here, we

obtain the following system for the unknown functions A*({) and B*(&):
«

42K {Ea) { B* (t)dt
A* (&) = an‘zKlg (Ea) 5 12 £ (3.4
0
1 ¢ 2 ¢ as(nar
B 0= TrER U@ FTEeE [ ) F e [
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This system of integral Eqs. may be reduced to a Fredholm integral equation of the
second kind of the following form:

B¥ (%) = S K (£, w) B* (u)du + F (E) (3.6)
0
K we 8 ‘io tK (ta) dt
W)= A T TR B8 [T (a8) YR ()] ) Ka (1a) (P ) (© + )

0

cth bg

P R ) [T (aE) + Y * (aB)]
The estimate (1.27) is also valid for this equation, and therefore, its solution may be
constructed by successive approximations.
Therefore, by having the value of B*(£) and then determining the value of A*(£) by us-
ing (3.4), we find the stress and displacement components.
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