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HALF-SPACES 

L Torsion of a composite elastic half-space by rotation of a stir! 
finite cylinder welded into a vertical recess of this half-space. Let 
us consider the problem of torsion of a composite half-space with a vertical elastic cylin- 
drical core located below the surface of the half-space by its upper endface (Fig. 1,. A _- 

c-i- stiff cylinder of the same radius as the core is welded into the 

recess of the half-space, and torsion of the half-space is accom- 
plished by rotating this stiff cylinder or stamp. To solve the 

Solutions are presented herein of some contact problems connected with the torsion of s 
composite half-space. In the general case the problem of the torsion of a composite elastic 
half-space is examined by means of the rotation of a stiff finite cylinder welded into a ver- 
tical recess of this half-space. Moreover, the following particular problems on the torsion 
of such a half-space are considered. 

1) A composite half-space with a vertical elastic infinite core, twisted by means of the 
rotation of a stiff stamp affixed to the upper endplate of the elastic core. 

2) A half-space with a vertical cylindrical infinite hole, twisted by means of the rotation 
of a stiff finite cylinder welded into the upper part of this hole. 

In the general case the solution of the problem reduces to the solution of au integral 
equation of the second kind on a half-line. The question of the solvability of this fundsmen- 
tal integral equation is investigated, and it is shown that its solution may be constructed 
by successive approximations. 

Let us note that the problem of the torsion of s homogeneous half space and of au elas- 

tic layer by means of rotation of a stiff stam 

[!i 

has been considered by Rostovtsev [ 1], Reis- 
sner and Sagoci [2], Ufliand [3], Florence 4 , Grilitskii [s] and others 

The problem of the torsion of a circular cylindrical rod and the half-space welded to it 
which are subject to a torque applied to the free endface of the rod has been considered by 
Grilitskii and Kixyma [6]. 

The torsion of au elastic half-space with a vertical cylindrical inclusion of some other 
material by the rotation of a stiff stamp on the surface of this half-space has been consi- 
dered in f?], wherein it has been assumed that the stamp is symmetrically disposed relative 
to the axis of the inclusion and lies simultaneously on both materials. 

-I’ 

problem, we direct the z-axis along the core axis and we divide 
the axial section of the half-space with core into three sub-do- 

mains D,(i = 1, 2, 3). 
We seek the displacement function %‘(I, zl which satisfies the 

differential Eq. 

Fig. 1 tr (r, 2) = Yi(r, 4 B Di (i, 2, 3) (I .2) 

in the form 

1007 
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W, (ET) = J, (b-) Yl (4 - Y, @) Jl (4 (I a 
Here I,(z) and Y (z) are Bessel functions of real argument, of the first and second 

kinds, respectivelyy81, l$, ( z and I,(z) are modified Bessel functions of imaginary argument, ) 
and A, are roots of Eq. JI (ha) = 0. 

Let us note that 

WI (@) = 0, WB @,a) = - wl) (&z) = & (1.7) 
We evaluate the displacements and stresses in the sub-domains Di (i = 1, 2, 3) by means 

of Formulas 

u(i) (r,z) = ?.YI(T,Z), ~,q(~) = Gir T , 

i- (9 
(1.8) 

ZP = Gir !$ (i=l.2.3), CI=Ce=G 

Utilizing (1.8), we obtain for (1.3) to (1.5) 

~,,(‘)(r, z)=G -m52[D(f)sh~5+F(~)ch~z] ltr2(Er)dE- 
{ s 

(1.9) 
0 

- i Pkffk&(b~r)sin Pf,z/ 

k=l 

t,,(‘) (r, 2) = G {f E” [D (E) ch Ez + F (E) sh &I W1 (Er) dE + 
0 

+ ,.jl BkffkKl (BkT) cos PkZ} 

h@) (r, ~)=G[--~~~((iK,(gr)sinSndi-~~~~~~)e-~~~~(Fr)di] 
0 0 

z,,(') (r, z) = G [r EA (5) K1 (Er) cos EzdE - r E2 B (E) e-c2 PI/, (Er) dg] 
0 0 
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2,(3) (r, 2) = G3 [~ &IT (E) I2 (Et-) sin Ez dE - $fj ht@keehkzJ2 ,,,,j 
V k=l 

z,,(3) (r, z) = G3 [f EC (E) I~ (ET-) cos gz do - 5 hkDke"~i'Jl (car)] 
The constant coeificients H, and D, and the fu~~ilons D (&, F(e), A( 4‘1, B(f) and 

C(e) should be determined from the following boundary conditions and connection condi- 
tions between the sub-domains 4 (i = 1, 2, 3): 

z,,(‘) (r, -b)Z;ZO (adr< m) 

~‘(‘)(a, z) = c (-b<z<O), d3)(f, 0) = + I” rO<rq a) 

v(3) (a, 2) = Y(2) (a, z), r,,(3) (a, 2) = 2,.,(2! (a, 2) (O,(z<oo) (1.1@ 

u(2) (r, 0) = 0 (r, O), z*J2) (r, 0) = ZqY (r, 0) (a<,<<-00) 

Utilizing (1.9) aad satisfying (l.lO), we obtain 

D(E)ch~b--(~)sh~b=.O, F(E) = B(E) (q, = GIG,) 

F;[D(E)+B(f)] [J12(a~)+Y12(a~)] =-~~t~‘:l.~~~‘““--ethbS 

Here we used the following Fourier and Webe~Orr inteiral transform formulas [g]: 

O(z) = 3f($Jsin&d& f(E) = -$fQ(z)sin E.2d.z (1.12) 
V 0 

‘P(r) =~w(E)w(wE, 9 6) lJ12 (a8 + Y12 (d)l = y “p(r) jl’l (%f-) & 

0 0 

as well as the values of the integrals 

aad the values of the series 

Summation is here over the roots of Eq. II (Aa) = 0. Equalities (1.7) are hence taken in- 
to account. 

Eliminating C(c) from the sixth Eq. of (1.11) and II([) from the last Eq. of (1.11). we 
obtain the system of integral Eqs. 

(1.14) 

co 

W(E)=- (I+ th 4) IJP;~Q + 1’1~ (41 -i- 
thbg + $s tA($;t’*)dt] (1.15) 

0 
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f2 (%a) = 1, (Ed K, (Ed + w, K, (Ea) I, (Ea) (1.16) 
Let us make the following change of unknown functions in (1.141 and (1.151: 

tA (t) K, (ta) = A* (t), tB (t) = -B* (t) (1.17) 
Then substituting (1.141 into (1.151, we obtain an integral Eq. to determine B*(t) 

co 

B’(E) = \ B’(zW(%, z)dz +F( ) (1.18) 

&O 

K (” ‘) = &‘(I + th bQ [J12 (af) + Yla (UC)] J(r) 6 ” (1.19) 

F(%) = (1 + th K) [JIM c”nS, + Yls (a4)l L 
ty + -$.I@) (E, z)] ‘.I .20) 

03 co 

* J(l) (Ez) = s tZ, (ta) KI (la) dt Ia (ta) K1 (ta) dt 
52 @a) (2% + 42) p + 22) ’ 

J(2) (5, z) = 
s Q tta) p + 4y 

0 0 

In order to show the solvability of the integral Eq. (1.18) and the possibility of utilizing 
successive approximations to construct the solution, let us estimate the value of the inte- 
gral 

co 

s a Ia%, z)ldz (1.21) 
0 

Using the inequality K,(z).& K,+l (z), which is valid for Bessel functions of the second 
kind of imaginary argument, we will have 

m0Zl (ta) KI (ta) lm0Zl (ta) Ka (ta) 

Q Pa) G I;;jta) KI (ta) + mo Ka (ta) II (ta) g ’ 
Then we obtain the following estimate [9] for the integral in (1.19): 

Wd(l) (6 z, G f (ra + E’;4bt2 + rz) 

0 

(1.22) 

(1.23) 

Utilizing this estimate, we find 

= anE (1 + th U4 Lta (4) + Yla (at)1 = f(E) (1.24) 

Let us note that 
zyl (z) 1 _. = - f 

(E) + 0 as E --t 0; moreover, by virtue of the known equalities 

and Jl(O) = 0, we have 

f(E) I +-y= l/a (1.25) 
if the following asymptotic formulas [8] are used for integer n as z + 00 

yn (z) = (G)“” sin z_-$!--+ ( 
(1.26) 

For V > 0 and z > 0 the product 2 [Jv2 (z) -J- Y,2 (z)], considered as a functioa 

of z, will decrease monotonously 19 and 101 if V > 1/2. 

Hence, f(t) increase monotonously remaining always less than one-half. 

Therefore, the inequality 
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holds. 

02 . 
\I (%E<~) (1.27) 

0 

It is easy to see that the right-hand side F(t) of th e integral Eq. (1.18) is also bounded. 

In fact 

0 

~~i(%)[th*%+~~~]=~~(%~(thb%f4)<~ 
(1.28) 

0 

The estimates (1.27) as well as the following relationships: 
co 

. 

s 

czt 4 

ta + 4% 
=x9 

Ia (;)(~)(“a) < 1 

0 

have been used here. 
But as is known [ll], when conditions (1.27) and (1.28) are satisfied, the integral Eq. 

(1.18) is solvable in the class of functions bounded on the half-axis, and this solution may 
be constructed by successive approximations. 

Determining the unknown function B*(l) fr om the fundamental integral Eq. (1.18), we 

first determine the function A(@ by successive approximations from (1.14) and (1.17), and 
then the remaining unknown functions. 

Using the solution obtained above, we consider some particular problems of the torsion 

of a half-space. 

2. Torsion of a composite half-space with a vertical elastic core 
by the rotation of a stiff starno attached to the core. In the particular 
case when b = 0 (Fig. 2), the 

w 
r 

Fig. 2 

solution of ihe problem of the torsion of a composi;e half- 
space with a vertical elastic core twisted by rotating a stiff 
stamp attached to the core, may be obtained from the general 
solution of the problem presented above. 

In this case the boundary conditions of the problem be- 
come 

v@)(r, 0) = cr / ar (0 < r d a), 

z$) (I’, 0) = 0 (a< r <m) 

t+)(a, 2) = v (2) (a, z), (2.1) 

x@j, (a, 2) = xrrp C2) (a, 2) (OG2a-J) 

The solution of the problem may be represented as 

The arbitrary integration functions A*(( 
tern of integral Eqs. 

‘) and B*(t) should be determined from the sys- 

co 

A* (t) dt 
tr + e (2.51 
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(2.6) 

The system of integral equations (2.4) and (2.5) may be reduced to a Fredholm integral 
equation of the following form: 

B” (E)=TK(S. u)B*(U)dn+FG) (2.7) 

0 
co 

anto 
K (4% u, = any [Jg (UQ + Yl”- (fg,)] s til (ta) KI (ta) dt 

fz f&z) (t”- + q p + US) (2.81 

0 

03 
4c 

F (E) = x2 [J1” (UQ + YlS (UFJ] 

’ 12 (ta) Kl (ta) dt 

s 52 pz) (t’ + C) 
0 

(2.9) 

The estimate (1.27) holds for this equation, and therefore, its solution may be construc- 
ted by using successive approximations. 

In conclusion, let us note that if a stiff core replaces the elastic core in the considered 

problem, the solution is obtained by elementary means with the aid of the displacement 
function ‘P = ac/r2, where a is the core radius, and c is the angle of rotation. Bowever, its 

solution is meaningless since the torque is infinite. 

3. Torsion of an elastic half-space with a vertical cylindrical 
hole by rotating a stiff finite cylinder welded into the upper part 
of the hole. From the solution obtained in the first section we can also obtain the solu- 

c_l; 
tion for the problem of torsion of a half-space with a vertical 

cylindrical hole twisted by means of the rotation of a stiff fi- 

nite cylinder welded into the upper part of this hole (Fig. 3). 
Putting mo = 00 here, we obtain the following expressions 

r for the displacement functions in (1.3) to (1.5): 

,? 
Yl (r, 2) = - -1 B’ (k) ” (y;&‘) ’ WI (F;r) dE - (3-i) 

0 

iiF j$ Pkki@ka) 
-- K1 (pk’) ‘3in pkz 

Z 

Fig. 3 

In the considered problem the boundary conditions become 

Z,Ff (r,- 6) = 0 (a < I < oo), .(l) (a, 2) = c (--b < z < 0) 

x,,(a)(a, 2) = 0 (0 < 2 < M) (3.3) 

&) (r, 0) = 71~‘) (r, 0), 7 $) (r, 0) = Z$2) (r, 0) (a < r < m) 

Substituting (3.1) and (3.2) into (1.10) and taking account of condition (3.3) here, we 

obtain tbe following system for the unknown functions A*(& and B*(c): 

A* (F) = 
4CKr (4a) ’ B* (t) dt 

an3Ks (Q) ? t3 + v (3.4) 

0 

B* (6) = (1 + th be) [J&Q + Yl? (Uf) 
2 r” A* (t)dt 

% th b’ +x 2 t3 + ? 1 (3.5) 
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This system of integral Eqs. may be reduced to a Fredholm integral equation of the 

second kind of the following form: 
cc 

B* (4) = s K (E, u) B* (u) du 9 F (E) 
0 

Co 

K 6 u.\ = US* (i + th bE) [i2 (UC) + YP (at)] c 
tK, (ta) dt 

K? @a) (t9 -I- $) Cl2 f 4 
0 

(3.6) 

cthbt 

F(tj = 4(1 + thbE) [5is(aE)+Yie(ue)] 

The estimate (1.27) is also valid for this equation, and therefore, its solution may be 
constructed by successive approximations. 

Therefore, by having the value of B*(t) and then determining the value of A*([) by us- 

ing (3.4)) we find the stress and displacement components. 
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